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Abstract
We study the dynamics of branes in congurations where 1) the brane is the
edge of a single anti-de Sitter space and 2) the brane is the surface of a vac-
uum bubble in an asymptotically flat space-time. In both cases we nd solu-
tions that resemble the standard Robertson-Walker cosmologies although in
the latter, the evolution is not controlled by matter on the brane, but by the
ve-dimensional mass of the bubble. We include a term in the brane action for
the scalar curvature and this produces a contribution to the low energy theory
of gravity in addition to that provided by the conned zero mode of the bulk
gravity. These two eects precisely cancel for the brane action that has been





A remarkable feature in certain theories with more than the observed 3 + 1 dimen-
sions is that while these extra dimensions can extend innitely, the geometry of the bulk
space-time nevertheless is able to conne gravity to a three dimensional surface within
the larger space. Randall and Sundrum (RS) [1] rst showed that by attaching two semi-
innite slices of 4 + 1 dimensional anti-de Sitter space (AdS5) along a three dimensional
hypersurface, or ‘3-brane’, with orbifold conditions about this 3-brane, gravity behaves
as though it is conned to its vicinity. This 3-brane is identied with our universe. In
addition to reproducing ordinary Newtonian gravity, any successful model should also be
able to produce a realistic cosmological evolution for the 3-brane. The dynamical evolu-
tion of the brane is determined by Einstein’s equations for the combined bulk and brane
system, but these equations might not produce the familiar Robertson-Walker cosmology
along the brane. Viewed locally, near the brane, the surrounding bulk introduces a new
element into the eld equations for gravity on the brane through a term for the change in
the extrinsic curvature across the brane, as originally derived by Israel [2]. While general-
izations of the original RS orbifold [1] have been shown to admit the usual open, flat and
closed Robertson-Walker cosmologies [3], we shall examine more asymmetric geometries
for which the AdS curvatures on opposite sides of the brane are not necessarily equal. We
shall treat in detail the case of a nite and spherical region of AdS space, including the
case of a vacuum bubble that expands in an asymptotically flat 4 + 1 dimensional space.
Most previous studies [3] [4] [5] of the dynamics of a brane have only included a
surface tension term and a Lagrangian for the matter elds, which generally includes all
the Standard Model elds, in the brane action. Yet without a more fundamental description
of the physics that produces the brane, these terms should represent only the leading pieces
of an eective action [6] including higher order terms in a derivative expansion, such as
a term for the scalar curvature on the brane, R, and higher powers of curvature tensors
on the brane, such as R2 and RabRab. Such terms generically are suppressed by extra
powers of the AdS curvature length scale, `, so at distances much larger than ` we expect
that these higher order terms in the brane action can be neglected. However, at least one
ne-tuning is typically made to obtain a vanishing cosmological constant on the brane by
cancelling the brane tension against a contribution from the bulk. After this ne-tuning is
made, a scalar curvature term on the brane is of the same order as the terms that remain
in the eld equations for gravity on the brane. We shall show that the presence of such
a term need not interfere with our ability to nd realistic cosmological solutions on the
brane and that it acts to renormalize the eective Newton’s constant on the brane.
A brane action that contains powers of the brane curvature tensors has also been
used in the context of the AdS/CFT correspondence [7] to regularize the action of a bulk
AdSn+1 space which diverges when the radius of the AdSn+1 space becomes innite [8]
[9] [10]. Unlike the eective eld theory description of the brane action, the requirement
that the total action of the theory|the sum of the brane action and the bulk action|be
nite in this limit precisely xes the coecients of the terms in the brane action. The
coecient of the brane tension gives the usual cancellation of the cosmological constant
on the brane; however, we nd that for the specic coecient of the scalar curvature term
on the brane, the brane curvature term cancels the leading order eects coming from the
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bulk gravity. In the light of the AdS/CFT correspondence, this result might be anticipated
since the bulk gravitational theory is conjectured to be equivalent to a conformal quantum
eld theory|without gravity|on the surface.
In the next section, we derive the equations of motion for a bulk AdSn+1 space in which
a hypersurface is embedded. In section three, these equations are used to study a dynamic
brane on which the induced metric takes the standard Robertson-Walker form. The general
equations for a non-orbifolded geometry including the eects of a scalar curvature term in
the brane action are found. Since these equations are dicult to solve exactly, in section
four we neglect the scalar curvature term and focus on the expansion of a vacuum bubble
in an asymptotically flat 4+1 dimensional space-time. In section ve we include the scalar
curvature in the brane action and study its eects when the brane is the edge of a single
AdS space. Finally we consider its eect on the vacuum bubble, before concluding in
section six.
2. The Action for AdSn+1 with a Boundary.
We would like to derive the form of Einstein’s equations on an n-dimensional hyper-
surface embedded in an n + 1-dimensional bulk space-time. To be general, we shall treat
the bulk space-time as two regions, M1 and M2, separated by the hypersurface, B. Note
that these bulk regions do not need to have the same metric on either side of the brane but
only need to satisfy the Israel conditions derived below. Since the boundary corresponds
to the observed universe, we include an action on the brane containing, in addition to a
surface tension term, a term for the scalar curvature on the brane plus the contributions
from matter and gauge elds conned to the brane. At each point on the brane, we dene
a space-like unit normal, na = na(x), to the surface that satises gabnanb = 1. gab is the
bulk metric and the indices a, b run over all the bulk coordinates. The bulk metric induces
a metric on the brane,
hab = gab − nanb; (2.1)
while the bulk metric can be discontinuous across the brane, the induced metric on the
brane should be the same whether calculated with the bulk metric for either region.
Combining all of these ingredients, the total action is the sum of the actions for the
two bulk regions,



































and that of the boundary,













n− 2R− 16piGLmatter +   

. (2.3)
Here K is the trace of the extrinsic curvature Kab, dened by
Kab = h ca rcnb (2.4)
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and σ, R and Lmatter represent the brane tension, the scalar curvature of the induced
metric and the Lagrangian of matter elds conned to the brane. We normalize the brane
tension with respect to a critical tension,1 σc = 3/8piG`, as will be useful later, and we
allow the two bulk regions to have potentially dierent curvature lengths `1 or `2. This
action is a generalization of that which appears in [9] and [10]. From the vantage of writing
an eective theory on the brane [6], we simply include the
p
hR term as the next to leading
term in the brane action in powers of derivatives. The coecient of this term, b`/(n− 2),
is determined by some underlying theory so we leave it unspecied.
Varying the total action yields the usual Einstein equations in the bulk,
Rab − 12Rgab +
n(n− 1)
`21,2
gab = 0, (2.5)
where the appropriate AdS length is chosen for each region, plus the following equation
for the surface,










+ 8piG Tab +    (2.6)
where Kab  K(2)ab −K(1)ab , Tab is the energy-momentum tensor for the matter conned
to the brane,
T ab  habLmatter + 2δLmatter
δhab
, (2.7)
and Rab is the Ricci tensor for the induced metric. Contracting both sides of (2.6) with



















+    (2.8)
which describes the eect of the presence of the bulk space-time on the brane Einstein
equations through the appearance of the extrinsic curvature term. A similar equation,
although without the term arising from varying the scalar curvature in the brane action,
has appeared in earlier studies of domain walls in four [11] and ve [3] [4] dimensions. This
term might seem unimportant at distances much larger than `, since it contains two more
powers of ` compared to the term with the brane tension. However, the contributions fromp
hR can be of the same order as the dierence between the brane tension and Kab, once
the brane tension has been nely tuned.
For comparison, in the original RS orbifold we only include the rst term on the
right side of (2.8) and the extrinsic curvatures from the two sides are equal and opposite,
Kab  K(1)ab = −K(2)ab . The bulk AdS5 space gives Kab = −hab/` which yields the usual
ne-tuning condition [1] for the brane tension, σ = 2σc.
1 Note that since we are considering more general geometries than the orbifolds of [3], it is
convenient to dene the critical tension to be half that of the RS universe.
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3. Cosmology on the Boundary.
We shall now examine some specic solutions of the eld equations for gravity on an
(n − 1)-brane between two slices of AdSn+1. The metrics for the interior r < R(τ) and





















We are looking for dynamical solutions, so we let the position of the brane be given by a
shell at r = R(τ) where τ is the proper time for an observer at rest with respect to the
brane. We shall frequently refer to the k = 1 case, for which the shell is a 3-sphere and
a closed Robertson-Walker cosmology results, but we shall leave k in the expressions with
the understanding that flat or open cosmologies can be obtained by setting k = 0 or −1
respectively. The normal to the brane is given by
na =

− _R, _T, 0, 0, 0

(3.2)
with the dot denoting dierentiation with respect to τ . Since the normal has unit length,
gabnanb = 1, we can express _T in terms of _R,
_T =
( _R2 + u(r))1/2
u(r)
(3.3)
in the interior and with u(r) replaced by v(r) in the exterior bulk.
With the normal in this form we nd that the induced metric on the brane is already
in the standard Robertson-Walker form; the metric induced from the interior bulk metric
is
ds2 = −u(r) dt2 + (u(r))−1 dr2 + R2 dΩ2n−1
= −u(r)

_T 2 − (u(r))−2 _R2

dτ2 + R2 dΩ2n−1
= −dτ2 + R2(τ) dΩ2n−1,
(3.4)
while the exterior region produces exactly the same induced metric. More explicitly, for
n = 4 we have (where µ, ν run over the coordinates on the brane)





dχ2 + sin2 χ(dθ2 + sin2 θ dφ2) k = 1
`−2(dx2 + dy2 + dz2) k = 0
dχ2 + sinh2 χ(dθ2 + sin2 θ dφ2) k = −1
(3.6)
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In terms of the coordinate system dened by (3.5), the interior contribution to the extrinsic
curvature is
K(1)µν dx









dτ2 + u(R(τ)) _TR dΩ23 (3.7)
with the exterior region contributing an analogous expression with u(R(τ)) replaced with
v(R(τ)).
Let us consider the matter on the brane to be distributed as an isotropic perfect fluid,
of density ρ and pressure p, for which the energy-momentum tensor is
T νµ = diag(−ρ, p, p, p). (3.8)

















Rρ +    . (3.9)
The temporal component of (2.8) does not give an independent equation once we have









The choice of the relative sign between the extrinsic curvature terms in (3.9) depends on
the geometry of the bulk AdS5 space that surrounds the brane. In the original RS universe,
the orbifold is made of two slices of AdS5 attached so that the warp factor|the r2/`2 in
the AdS metric (3.1)|decreases as we move further from the brane in either direction.
Thus for the orbifold geometry, the plus sign is chosen. When the warp factor behaves
dierently on opposite sides of the brane, as for a brane simply embedded in a single bulk
AdS5 space, the minus sign is used.
For no scalar curvature term, b = 0, the Israel condition (3.9) can be rewritten so that
the evolution of R(τ) is determined by a potential,
1
2
_R2 + V (R) = −12k, (3.11)
where



















































A similar potential is implicit in [3]. For R  ` and for a generic tension, this potential
does not produce a Standard Robertson-Walker cosmology. However, when the brane






the leading R2/`2, ρ-independent term drops out of the potential. The appropriate signs
in (3.13) depend on the behavior of the AdS space on either side of the brane.
The simplest example of a system that produces a realistic cosmology is an AdS5
space that terminates on a ‘edge of the universe’ 3-brane, in the spirit of [12], with only
a tension term in the brane action. This closely resembles the usual orbifold geometry [3]
except that here the critical tension, σ = σc, is half of that needed for the orbifold. For
`1 = `, `2 !1 and m1 = m, m2 = 0, the potential (3.12) becomes











Making the ne-tuning of the brane tension to its critical value,



















+    . (3.15)
Here we have inserted the denition of σc and assumed ρ/σc  1. For the standard
Robertson-Walker universe, the dynamical equation that determines R(τ) is




where G4 is the 3 + 1 dimensional Newton’s constant. Thus identifying G4 = 2G/`, we
recover the familiar cosmologies on the brane driven by the energy density on the brane, as
long as m is not too large. A similar result was found in [13] for an orbifolded geometry|
obtained by setting `1 = `2 = ` and m1 = m2 in (3.1).
4. A Vacuum Bubble.
When a bubble nucleates in a region having a vacuum energy higher than that in the
bubble’s interior, the bubble will expand or contract depending upon the surface tension
of the bubble and the dierence in the bulk vacuum energies. A simple example of this
behavior occurs when a bubble of AdS5 is surrounded by an asymptotically flat region.
The 3-brane here is the surface of this bubble. The metrics for the interior and exterior




+ k − m1
r2
v(R) = k − m2
r2
. (4.1)
Since `2 ! 1, we have set `1 = ` without loss of generality. In this section we shall
consider brane actions with only a tension and a matter term (b ! 0), leaving the more
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Again, this potential does not to lead to a standard Robertson-Walker cosmology on the
brane unless we set σ = σc. Expanding in the limit where the matter density is small
compared to this critical tension, we have
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(4.3)
The potential for the vacuum bubble (4.3) does not contain a ρR2 term, since the
same ne tuning that removes the cosmological constant from the brane also eliminates
such a term. However, in the limit in which R(τ) ` and ρ  σc, the leading term that
determines the cosmology on the surface of the expanding bubble is
_R2 + k =
m2
R2
+    . (4.4)
Although this equation seems quite dierent from (3.16), the time dependence of its solu-
tion is exactly the same as for a radiation-dominated universe in which ρ / R−4.
Since the surrounding space is asymptotically flat, it might seem that gravity on the
surface should behave intrinsically ve-dimensionally. However, let us suppose that the
system induces an eective four-dimensional scalar curvature term into the action so that
the classical potential for gravity has two pieces, one which decreases as 1/d and the other
as 1/d2 when masses on the brane are separated by a distance d along the brane. If G4
and G are the respective Newton’s constants for these two power laws, then at distances
much larger than G/G4, the behavior of the 1/d potential dominates and classical gravity
behaves as though conned to four dimensions.
An eective brane curvature scalar indeed does arise by integrating over the interior
AdS5 region. To understand this behavior, we consider variations about the classical metric





and setting m2 = 0, the interior AdSn+1 metric becomes
ds2 = −e2ρ/` dt2 + e
2ρ/`







In the limit, ρ `, this metric reduces to the simpler form
ds2  e2ρ/` (−dt2 + `2 dΩ2n−1 + dρ2. (4.7)
If we replace the metric on the brane −dt2 + `2 dΩ2n−1 with a metric gµν(xλ) dxµdxν that
only depends on the coordinates on the brane, then we nd that the (n+1)-scalar curvature




+ e−2ρ/` Rn +    . (4.8)





















G ) G4 = 2
`
G (4.10)
The gravity from the interior region has induced a 3+1 eective theory on the brane which
dominates the 4 + 1 theory of the exterior at distances d ` along the brane.
5. Effects of the Scalar Curvature in the Brane Action.
5.1. The Edge of the Universe.
We now study the eects of including a scalar curvature term for the induced metric
in the brane action, b 6= 0. We rst consider a bulk AdS5 space that terminates on a
















Solving for _R2 + k, we obtain the potential
















At the critical brane tension, this potential simplies to




1 + b + b
ρ
σc















For the lower sign, and assuming that we can expand the square root, we nd that
















+    . (5.4)
This time instead of (3.15) we have










+    (5.5)
We obtain the standard Robertson-Walker evolution on the brane if we identify the four







Physically, integrating out bulk gravity from the interior AdS5 space, just as in (4.9), gives








( Rn + bR +    (5.7)
so that the eective four dimensional Newton constant gets renormalized by the factor
1/(1 + b). From the vantage of an eective eld theory on the brane, for which b is
determined by some unknown higher energy theory, this result shows that we recover
Newtonian gravity on the brane and at the same time the ability to generate a standard
cosmological behavior on the brane, as long as b > −1. For comparison, in the standard







For the special choice b = −1 when σ = σc, our eective action on the brane cor-
responds to the rst two terms in the brane counterterm action of [10] and [9] which
regularizes the bulk AdS action. The AdS/CFT conjecture [7] suggests that for this ac-
tion, the theory of gravity in the AdS bulk is equivalent to a conformal eld theory on the
boundary, without gravity. Indeed we nd that for physical values for the matter density
(ρ  0) and for the mass parameter in the AdS-Schwarzschild metric (m  0), we do not
recover a realistic cosmological evolution on the brane. For b = −1 and σ = σc as before,
















so we no longer obtain the ordinary cosmological solutions.
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5.2. The Vacuum Bubble.
When a brane is embedded between arbitrary bulk AdS spaces and a scalar curvature
term is included in the brane action, the Israel equation (3.9) that determines the evolution
of R(τ) is a quartic polynomial in ( _R2 + k) and becomes tractable only for special space-
time geometries or in the R  ` limit. For an expanding vacuum bubble, with u(r) and
v(r) as in (4.1) with m2 = m, m1 = 0 and σ = σc, then we can nd the following leading
behavior in the `/R! 0 limit:
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(5.10)
We notice that the inclusion of the scalar curvature term in the brane action has not
altered our previous conclusions about the vacuum bubble: a ρR2 term has still not been
generated and the leading term is still m/R2, as in (4.3). As before this latter term can
lead to the same time dependence as a standard radiation dominated universe.
6. Conclusions.
We have found that, in general, the inclusion of a scalar curvature term in the brane
action still allows us to nd the standard Robertson-Walker cosmologies for the evolution
of the brane. This standard behavior emerges once the size of the universe has grown large
in comparison to the AdS length of the bulk space and provided that the usual ne-tuning
of the eective cosmological constant on the brane to zero has been made. The presence of
this brane scalar curvature term simply acts to renormalize the eective Newton constant
on the brane.
We can understand this leading behavior of gravity through the eective theory on
the brane. From the vantage of an observer living on the brane, the bulk gravity appears
as a zero mode accompanied by a tower of massive Kaluza-Klein modes. When most of the
density of this zero mode is conned to within a few AdS lengths, `, of the brane, we can
integrate it out to produce an eective scalar curvature term, plus possibly higher order
terms, in the brane eective action. At low energies and at long distances along the brane,
the equation of motion for the 3 + 1 dimensional gravity is determined by a sum of these
two terms|the eective scalar curvature induced from the bulk and the term originally
included in the brane action.
For a special choice of the coecient of the brane scalar curvature, these two contri-
butions will cancel, at least to leading order. The value for the coecient at which this
occurs agrees with that used for the regularized bulk AdS action in which the brane ac-
tion is treated as a set of counterterms cancelling the large radius divergences of the bulk
action. The behavior we nd in this case, for a nite radius, suggests that the eective
theory on the brane does not contain ordinary gravity. This appears to be consistent with
the AdS/CFT conjecture that the theory of gravity in an AdS bulk is equivalent to a eld
theory on the boundary.
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In this paper we have also paid special attention to the dynamics of a vacuum bub-
ble expanding in 5 dimensions. We argued 4-dimensional gravity could be recovered on
the brane, here the surface of the bubble, due to the RS mechanism involving the AdS
space interior to the brane. On the other hand the presence of a mass in the external
Schwarzschild (or AdS-Schwarzschild) metric allowed us to recover an evolution for the
scale function R(τ) on the brane with the same behavior as a radiation dominated uni-
verse, even though the ordinary ρR2 term that allows the matter density to drive the
cosmology was not present. We also considered the eects of a scalar curvature term in
the brane action in this case and found only subleading corrections to the brane evolution
for any strength of the scalar curvature term.
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